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Let G be a group, X be a set and G C X.

Definition

For z € X,
» Orb(z) :=={g-z | g€ G}
» Stab(z) :=={geG | g -z =ux}

Lagrange's theorem
If |G| =n and H < G with |H| = d, then d | n.

Orbit stabilizer's formula

If G is finite, for all x € X, we have

|G| = |Stab(x)| x |Orb(z)|.
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Cauchy's theorem / Theorem

Let G be a finite group and p be a prime. If p divides the order of G, then
G has an element of order p.
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Cauchy's theorem / Example

(132)/ \(123)
\/

lc ’
ayley’s graph of &3.
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Cauchy's theorem / Proof (1)

Let (G, *,e) be a finite group and p be a prime such that p divides |G/.
Let's take X = {(g1,...,9p) €GP | g1 *--- * g, = €}.

Note that | X| = |G|P~ 1.

We will study the cyclic action of Z/pZ on X given by

(91:927 cee )gp) — (gp7gla e 7gp—1)-

Obviously, we have :

X = L—ij Orb(z;),

then :

X| = 3 [0rb(a,)|.

We obtain :
Z [Orb(z;)| = 0 (mod p). (1)
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Cauchy's theorem / Proof (2)

Now, let's look at the stabilizers of x € X. By Lagrange's theorem, we
have two types of stabilizers : Z/pZ or {0}. Therefore, for the first type of
stabilizer, the orbits are of the form {(g,...,g)}. In the second case, p
divide |Orb(x)| (with orbit stabilizer's formula), so we can rewrite (1)
without them :

Z |Orb(z;)| =0 (mod p).

It is a non-zero sum, because it has (e,...,e).
Thus, we have at least p — 1 elements of order p in G.
D2

2For an another proof : McKay 1959; V. and Tagne 2021.
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Conclusion

Let G be a finite group and p be a prime. If p divides the order of G, then
G has an element of order p.
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What are the possible extensions or generalizations of Cauchy's theorem
that we could explore 7
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